Here, the nonlinear thermo-elastic buckling/post-buckling characteristics of laminated circular conical-cylindrical/ conical-cylindrical-conical joined shells subjected to uniform temperature rise are studied employing semi-analytical finite element approach. The nonlinear governing equations, considering geometric nonlinearity based on von KarmanÕs assumption for moderately large deformation, are solved using Newton-Raphson iteration procedure coupled with displacement control method to trace the pre-buckling/post-buckling equilibrium path. The presence of asymmetric perturbation in the form of small magnitude load spatially proportional to the linear buckling mode shape is assumed to initiate the bifurcation of the shell deformation. The study is carried out to highlight the influences of semi-cone angle, material properties and number of circumferential waves on the nonlinear thermo-elastic response of the different joined shell systems.
Introduction
The joined conical-cylindrical shells have wide spread applications in mechanical, marine, aeronautical, chemical, civil and power engineering. They may consist of thin-walled structures composed of two or more simple components having one common axis of revolution and presenting a slope discontinuity in the shell 0020-7683/$ -see front matter Ó 2005 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2005.07.025 meridian across the joint. The localized high stresses generally develop within a narrow region enclosing the joint and may significantly affect the response behavior. Although for the preliminary design purpose, the structural response of the individual components may be examined. However, for the prediction of global behavior and rigorous optimal design, it may be more appropriate to analyze the joined complete shell system.
The buckling analysis of joined conical-cylindrical shells made up of isotropic materials has received the attention of many researchers. The elastic buckling and post-buckling analyses of cone-cylinder and sphere-cylinder joined shells subjected to external pressure are investigated by Flores and Godoy (1991) using an axisymmetric finite element approach. It is brought out that the bifurcation loads of the complex shells are lower than those of the individual components, but the curvature of the unstable post-buckling path of the complex shells is less than that of the individual components indicating the lesser imperfection sensitivity of former compared to later. The elastic buckling/post-buckling ensuing due to the circumferential compressive membrane stress near the intersection of the large end of cone and cylinder subjected to internal pressure is also investigated (Teng, 1994 (Teng, , 1995 (Teng, , 1996 Teng and Ma, 1999; Zhao and Teng, 2003) . The insertion of a toroidal segment between the cone and cylinder results in slightly higher external buckling pressures than that of cone-cylinder shell without transition (Anwen, 1998) .
The advances in composite technology have lead to the application of laminated composite structural elements like cylindrical and conical shells, as stand alone components or joined together, as load bearing members in the design of more and more sophisticated futuristic structures. These structures are often expected to operate at elevated temperatures in many applications such as supersonic and hypersonic vehicles, rockets, satellites, and nuclear components. The temperature rise due to boundary restraints may introduce compressive membrane state of stress leading to thermo-elastic instabilities/buckling failures. The studies on the thermo-elastic buckling analyses of axisymmetric shell geometries are limited to individual conical or cylindrical shells as evident from the review articles (Noor and Burton, 1992; Thornton, 1993; Argyris and Tenek, 1997) and from the brief literature review made in the recent studies on thermo-elastic buckling of shells Patel et al. (2004 Patel et al. ( , 2005 ). In order to optimally exploit the strength and load carrying capacity of laminated composite joined conical-cylindrical shells at elevated temperatures, accurate prediction and understanding of their thermal buckling/post-buckling characteristics is important. However, to the best of the authorsÕ knowledge, there are no studies available on the thermo-elastic buckling/postbuckling characteristics of joined conical-cylindrical shells.
Therefore, in the present work, the thermo-elastic buckling/post-buckling characteristics of laminated joined circular conical-cylindrical shells subjected to uniform temperature rise are studied through nonlinear static analysis employing semi-analytical finite element approach Patel et al. (2005, in press ). Geometric nonlinearity is introduced in the formulation using von KarmanÕs strain-displacement relations. The presence of asymmetric perturbation in the form of small magnitude load spatially proportional to the linear buckling mode shape is assumed to initiate the bifurcation of the shell deformation from axisymmetric mode to asymmetric one. The study is carried out to highlight the influences of semi-cone angle, material properties and number of circumferential waves on the nonlinear thermo-elastic response of the different configurations of joined circular conical-cylindrical laminated shells.
Formulation
An axisymmetric laminated composite shell of revolution is considered with the coordinates s, h and z along the meridional, circumferential and radial/thickness directions, respectively. The displacements u, v, w at a point (s, h, z) from the median surface are expressed as functions of middle-surface displacements u o , v 0 and w 0 , and independent rotations b s and b h of the meridional and hoop sections, respectively, as uðs; h; zÞ ¼ u 0 ðs; hÞ þ zb s ðs; hÞ vðs; h; zÞ ¼ v 0 ðs; hÞ þ zb h ðs; hÞ wðs; h; zÞ ¼ w 0 ðs; hÞ where superscript o refers to the axisymmetric component of displacement field variables, and c i and s i refer to the asymmetric components of the field variables having circumferential variation proportional to cos(inh) and sin(inh), respectively.
The above displacement variations in the circumferential direction are chosen according to the physics of the large deformation of shells of revolution i.e., participation of axisymmetric mode and higher asymmetric modes (Amabili et al., 1999; Patel et al., 2003; Tong and Pian, 1974; Ueda, 1979) .
Using von KarmanÕs assumption for moderately large deformation, GreenÕs strains can be written in terms of mid-plane deformations as
The membrane fe L p g, bending {e b }, shear {e s } and nonlinear in-plane fe NL p g strains in Eq. (3) are written as (Kraus, 1976) 
where r, R and / are the radius of the parallel circle, radius of the meridional circle and angle made by the tangent at any point in the shell with the axis of revolution, respectively. The minimization of total potential energy functional consisting of strain energy, potential of transverse load and initial state of stress, leads to the governing equation for the deformation of the shell as 
Nonlinear static analysis:
Eigenvalue buckling analysis:
where ½K Ã G is the geometric stiffness due initial state of stress developed because of unit uniform temperature rise and DT is the temperature rise.
It may be noted here that for the purpose of evaluating ½K Ã G ; firstly the static analysis of the shell using Eq. (6) for unit temperature rise is carried out. The resulting deformation filed is used to calculate the initial state of stress resultants used in evaluating the ½K Ã G matrix. The nonlinear pre-buckling followed by post-buckling equilibrium path is traced by solving Eq. (7) using Newton-Raphson iteration procedure coupled with displacement control method (Batoz and Dhatt, 1979) . The degree of freedom that has the highest increment in the previous step is selected as a control parameter. The equilibrium iterations are continued for each load/displacement incremental step until the convergence criteria suggested by Bergan and Clough (1972) are satisfied within the specific tolerance limit of less than 0.01%.
The detailed description of finite element formulation and its validation for thermo-elastic buckling/ post-buckling studies of laminated conical and cylindrical shells can be found in Patel et al. (2005, in press ) and are not presented here for the sake of brevity.
Results and discussion
Here, mainly the thermo-elastic nonlinear pre-buckling path followed by post-buckling characteristics of laminated joined circular conical-cylindrical and conical-cylindrical-conical shells ( Fig. 1 ) subjected to uniform temperature rise are investigated using the semi-analytical finite element formulation. The study is carried out to highlight the influences of semi-cone angle (/), material properties and number of circumferential waves (n) on the nonlinear pre-buckling/post-buckling response described as maximum outward normal displacement parameter (w max /h; h is the total thickness of the shell) versus temperature parameter T(=DTa 0 r 2 /h; a o = 10 À6 /°C and DT is the temperature rise) curves for the laminated joined shells.
The material properties used for the detailed studies are Material 1
where E, G, m and a are YoungÕs modulus, shear modulus, PoissonÕs ratio and coefficient of thermal expansion, respectively. The subscripts L and T are the longitudinal and transverse directions respectively with respect to the fibers.
Material 2
All the layers are of equal thickness and the ply-angle is measured with respect to the meridional axis (s-axis). The first layer is the innermost layer of the shell.
The details of simply supported immovable boundary conditions at the two ends of joined shell system considered here are
is the total meridional length of the joined shell. Based on progressive mesh refinement, 48 elements idealization (16 elements in each segment) is found to be adequate to model the complete length of the joined conical-cylindrical-conical shell system.
Before proceeding for the detailed nonlinear buckling/post-buckling analysis, the distribution of in-plane stress resultants ½ðN ss ;
hh Þ dz is evaluated through linear static analysis to investigate the influence of joints between conical and cylindrical shells on the distribution of thermal stress resultants. The results for the eight-layered cross-ply (0°/90°) 4 conical-cylindrical and conical-cylindrical-conical thin shells (r 2 /h = 200, L 2 /r 2 = 1, L 1 = L 2 = L 3 , Material 1: a T a L = 1125) subjected to uniform temperature rise (DT = 1) are highlighted in Fig. 2 . It can be observed from this figure that the meridional stress resultant (N ss ) is uniform in the cylindrical section whereas it shows decreasing magnitude trend from smaller diameter end to larger diameter end of the conical section. The magnitude ofN ss in the cylindrical portion of the joined shell decreases with the increase in the semi-cone angle of the conical section. The rate of change of N ss along meridional direction in the conical section near the joints is significantly higher. For certain shell combinations, the meridional stress resultant rises sharply to significantly higher values near smaller diameter edge of shallow conical section cases (Fig. 2(c) ). The presence of the hoop stress resultant 
(N hh ) is predicted near the joints and supports of the shell system. The nature of the N hh is compressive near the supports irrespective of the shell configurations whereas near the joints it depends on the cone angle. The compressive nature of the hoop stress resultant is observed near the joint between the smaller end of the cone and cylinder whereas the tensile nature around the joint between larger diameter end of the cone and cylinder. The stress field predicted in the static analysis is employed for evaluating the geometric matrix and in turn for the linear eigenvalue buckling analysis.
Next, the nonlinear thermo-elastic response characteristics of cross-ply laminated eight layered (0°/90°) 4 conical shells (r 2 /h = 200, L 1 /r 2 = 1, Material 1: a T /a L = 1125) with different semi-cone angles (/ = 0°, 15°, 30°, À15°, À30°, À45°) are highlighted in Fig. 3 considering different circumferential wave numbers (n) of asymmetric perturbation in the form of small magnitude load spatially proportional to the linear buckling mode shapes. It can be viewed from this figure that the pre-buckling deformation path of the shells is independent of the circumferential wave number of the small magnitude perturbation distribution. The critical temperature corresponding to the bifurcation of equilibrium path from primary one with axisymmetric circumferential displacement distribution to secondary asymmetric one depends on the circumferential wave number (n). The bifurcation temperature increases for diverging conical shells and decreases for the converging conical shells while increasing the semi-cone angle with fixed right edge radius (r 2 ). It can also be noticed from Fig. 3 that the bifurcation temperature for a particular shell initially increases with circumferential wave number (n), attains a minimum value and then again increases with the increase in the wave number (n). Thus there exists a critical circumferential wave number (n cr ) leading to minimum bifurcation temperature. However, in the post-buckling region at a particular temperature level, the maximum displacement reduces with the increase in circumferential wave number monotonically. The post-buckling response immediately after the bifurcation is of snapthrough type for lower circumferential wave numbers and of stable type for higher wave numbers (n). The comparison of bifurcation temperature parameter predicted based linear eigenvalue and nonlinear analyses is made and given in Table 1 . It can be seen from this table that the eigenvalue analysis underestimates the bifurcation temperature compared to that evaluated from nonlinear analysis. However, the circumferential wave number corresponding to lowest bifurcation temperature is same from both the analyses.
Next, the nonlinear pre-and post-buckling characteristics of different shell combinations (r 2 /h = 200, L 2 /r 2 = 1, L 1 = L 2 = L 3 ; (0°/90°) 4 ) are studied and the results for semi-cone angle magnitudes of 15°and 30°are highlighted in Figs. 4 and 5, respectively, together with those of individual cylinder and conical shells for comparison purpose. It is observed from these figures that the critical bifurcation temperature of the joined shell system compared to the individual shells is higher and this difference increases with the increase in the magnitude of the semi-cone angle (/). This may be attributed to the more relative reduction in the meridional thermal stress resultant compared to the decrease in the stiffness due to the increase in Table 1 Comparison of bifurcation temperature parameter evaluated from linear eigenvalue (T crL ) and nonlinear static (T crNL ) analyses for different values of semi-cone angle (/) and circumferential wave number (n) the effective length of the joined shells. This behavior is unlike the characteristics of joined shells subjected to external pressure wherein the pre-buckling stress distribution is same as that in the individual components (except very near to the joint) and hence the decrease in the stiffness leads to the decrease in critical bifurcation pressure of joined shells (Flores and Godoy, 1991) . The post-buckling response of shell combination may differ considerably compared to individual shells depending upon the temperature/displacement level. The degree of snap-through is significantly higher when the cylindrical section is joined with smaller edge of the conical sections. For certain shell system parameters and temperature/displacement level, the post-buckling equilibrium path is not unique and there exists multiple post-buckling equilibrium configurations. The bifurcation temperature parameter evaluated from linear eigenvalue and nonlinear analyses are given in Table 2 for different shell configurations as indicated in the inserted diagrams in Fig. 4(a) . It can be seen from this table that the linear eigenvalue overestimates the critical temperature parameter compared to that from nonlinear analysis for shell combinations having joint between larger edge side of the conical-section and cylinder whereas for other cases eigenvalue analysis under predicts the critical temperature parameter values. The evolution of post-buckling deformation shapes for the conical-cylindrical and conical-cylindricalconical joined shell configurations considered in Fig. 4(a) is highlighted in Figs. 6-9. In these figures the post-buckling deformation shapes corresponding to the points marked (b, c, d,. . .) in temperature parameter (T) versus maximum displacement (w max /h) curves are shown considering full meridional length and partial circumferential length (h = 0 to 2p/n). It can be seen from Figs. 6-9 that the post bifurcation deformation pattern changes significantly along the equilibrium. It can further be inferred from these figures that the conversion of membrane energy to bending energy starts near the joint and then progresses in the full shell with increase in temperature/maximum displacement depending upon the shell parameters.
The influence of semi-cone angle on the pre-and post-buckling behavior of cone-cylinder and conecylinder-cone shell combinations together with the effect of thermal expansion coefficient ratio (a T /a L ) is studied and the results pertaining to circumferential wave number associated with the lowest critical temperature in the eigenvalue analysis are depicted in Fig. 10 . It can be observed from this figure that the prebuckling stiffness decreases with the increase in the magnitude of the negative semi-cone angle of the shells whereas it increases with the increase in the positive semi-cone angle and general trend of shells with decreasing pre-buckling stiffness in terms of semi-cone angle is: 0°> 60°> À15°> 45°> À30°> 30°> 15°> À45°> À60°. It can also be observed from this figure that the certain shell combinations such as cylinder with À15°conical-section and cylinder with 45°conical-section yield very close pre-buckling equilibrium path. The combined influence of the shell stiffness and the membrane stress distribution leads to the increasing critical bifurcation temperature with the increase in the magnitude of the semi-cone angle. It is also revealed from this figure that the shell combinations with higher semi-cone angle magnitude do not undergo bifurcation buckling. It can further be noticed from this figure that the relative post-buckling strength among the shell combinations with different semi-cone angles may change at higher displacement magnitudes. One can also infer from this figure that the two-section shells yield lowest bifurcation temperature and three-section shells with a T /a L = 10 highest critical temperature. The bifurcation temperature parameter evaluated from eigenvalue (T crL ) and nonlinear (T crNL ) analyses together with the lowest temperature parameter in the post-buckling path (T LP ) is presented in Table 3 . It can be inferred from this table that there exists a lower temperature in the post-buckling path compared to bifurcation temperature predicted from nonlinear analysis for the shells considered in Fig. 6 . Furthermore, the linear eigenvalue analysis highly under or over predicts the bifurcation temperature compared to that predicted from nonlinear analysis and the percentage difference between eigenvalue and nonlinear prediction of bifurcation Table 2 Comparison of bifurcation temperature parameter evaluated from linear eigenvalue (T crL ) and nonlinear static (T crNL ) analyses for different shell configurations shown as inserted diagrams in Fig. 4(a) Shell configuration number Semi-cone angle (/) = 15°/ = 30°C ircumferential wave number (n) = 10 n = 12 n = 10 n = 13 temperature increases with the increase in the semi-cone angle of the conical section of the joined shells.
The influence of circumferential wave number on the post-buckling characteristics of two-section conical-cylindrical shells is presented in Fig. 11 for different values of semi-cone angle. It can be viewed from this figure that the shells at lower circumferential wave numbers reveal snap-through type of post-buckling response whereas for higher wave numbers depending upon the semi-cone angle the shells may reveal stable Fig. 7 . Post-buckling deformation shapes of conical-cylindrical shell (/ 1 = À15°) corresponding to the points marked in Fig. 7(a) . Fig. 8 . Post-buckling deformation shapes of conical-cylindrical-conical shell (/ 1 = À/ 3 = 15°) corresponding to the points marked in Fig. 8(a) .
post-buckling response. The existence of multiple equilibrium configurations in certain temperature range is also brought out specifically for semi-cone angle values of 15°and À15°.
To study the effect of material orthotropicity ratio (E L /E T ) on the post-buckling response, the study is carried out for three section conical-cylindrical-conical shells with layers of Material 2 (E L /E T = 25). The pre-and post-buckling characteristics for different semi-cone angle values are presented in Fig. 12 . It can be noticed from this figure that the post-buckling stiffness of the shells is very less and the deformation continues to grow without any further increase in temperature parameter even at higher displacement level (w max /h P 2) specifically along the lowest post-buckling curves among different circumferential wave number (n). 
Conclusions
The thermo-elastic buckling/post-buckling characteristics of laminated joined circular conical-cylindrical shells subjected to uniform temperature rise are analyzed here through nonlinear static analysis employing semi-analytical finite element approach. The study is carried out to highlight the influences of semi-cone angle, material properties and number of circumferential waves on the nonlinear thermo-elastic response of the different configurations of joined circular conical-cylindrical laminated shells. The following observations can be made from the detailed analysis carried out here: (i) In the pre-buckling state, the uniform meridional stress resultant (N ss ) in the cylindrical section decreases in magnitude with the semi-cone angle of conical section and nonuniform N ss distribution observed in the conical section shows decreasing magnitude trend from smaller diameter edge to larger diameter edge. (ii) The pre-buckling hoop stress resultant (N hh ) is predicted near the joints and supports with compressive nature near the supports and compressive/tensile near the joint depending upon the cone angle. (iii) The pre-buckling stiffness decreases with the increase in the magnitude of the negative semi-cone angle of the joined shells whereas it increases with the increase in the positive semi-cone angle although in either case it is lesser than corresponding cylindrical shell. (iv) The critical bifurcation temperature of the joined shell system compared to the individual shells is higher and this difference increases with the increase in the magnitude of the semi-cone angle. The shell combinations with higher semi-cone angle magnitude may not even undergo bifurcation buckling. (v) The joined shells may exhibit snap-through type or stable post-buckling response depending upon the circumferential wave number and semi-cone angle. (vi) The degree of snap-through in the post-buckling response is significantly higher when the cylindrical section is joined with smaller edge of the conical sections. (vii) The linear eigenvalue analysis overestimates the critical temperature parameter compared to that from nonlinear analysis for shell combinations having joint between larger edge side of the conicalsection and cylinder whereas for other cases former one under predicts the critical temperature parameter values. (viii) The percentage difference between eigenvalue and nonlinear prediction of bifurcation temperature increases with the increase in the semi-cone angle of the joined shells. (ix) The post-buckling deformation shapes for the joined shell configurations may change significantly along the equilibrium path with the starting of the conversion of membrane energy to bending one near the joint and then progressing in the full shell. (x) The post-buckling stiffness of the shells may decrease with orthotropicity ratio of material specifically along the lowest post-buckling curves among different circumferential wave number (n). 
